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Matrix Determinants

Introduction

Briefly speaking, determinant is a mathematical rule to evaluate a square matrix

to a real number
det : A € R™™" — det(A) € R

in order to determine whether the matrix is invertible or not.

For example, we have seen the following formula for computing the inverse of a
2 X 2 matrix:

-1
[a b] _ ! l d _b] (assuming ad — bc # 0)

c d ad—bc |—c a
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Matrix Determinants

The denominator ad — bc is a number computed from the 2 x 2 matrix la Z] ,
c
which can indicate whether the 2 x 2 matrix is invertible.

This would be called the determinant of the 2 x 2 matrix, and denoted as
a b a b

det =
¢ [c d] ¢ d

For a 1 x 1 matrix A = [a], it is invertible if and only if a is nonzero, so we can
just define the determinant of a 1 x 1 matrix as the number in it:

= ad — be.

det[a] = a

What about 3 x 3 or even larger matrices?
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Matrix Determinants

Matrix minor and cofactor

We will define the notion of determinants for general square matrices using a
recursive approach, and for that goal, we first need to define the matrix minors
and cofactors.

Def 0.1 (Matrix minor and cofactor). Let A € R"*" be a square matrix. For
any pair of indices 1 <4, < n, let A;; denote the submatrix formed by deleting
the 7th row and jth column of A. We define

e the (4,7) minor of A as M;; = det(A;;), and

e the (’L,j) cofactor of A as Cij = (—1)i+j det(Aij) = (—1)i+jMi]’ (thUS
cofactor is just signed minor).
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Matrix Determinants

Example 0.1 (n = 3). Let

1 2 3
A=14 5 6
7 8 9
Then
. 5 6
e the (1,1)-submatrix is Ay = 5 6| =
g 9 8 9

e the (1,1)-minor is M1 = det(A11) =5-9—6-8= -3, and

e the (1,1)-co-factor is Cy; = (—1)'"1 My = =3
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Matrix Determinants

Similarly, the (1, 2)-

e Submatrix: Ao = |4 6| = F S}
7 9

e Minor: Mis =det(Aj2) =4-9—6-7=—6, and

e Co-factor: Cjo = (—1)'*2M15 =6

What about the (1, 3)-submatrix, minor, and cofactor?

And how many minors and cofactors are there in total?
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Matrix Determinants

We can arrange all the minors and cofactors of a square matrix separately into

two matrices of the same size:

Cnn Ci2 Ci3 + - + My Miz Mis
Co1 Cp Cy|= |- + - < M1 My Mas
C31 Cszs Cs33 + - + entrywise Ms1 M3y Msg
multiplication
minors matrix M

cofactors matrix C signs matrix (_1)i+j

In the previous example, we have obtained that

-3 6 -3 + — 4] [-3 -6 -3
O Cyp Cy| =|— + —|o|Ma My Moy
Cs1 Cs2 Cs + - + M3z Mz Mss
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Matrix Determinants

Determinants of square matrices
We define the determinants of all square A € R"*" recursively as follows:
e If n =1: Define det(A) = det[a11] = a11, which is the trivial case.

e For any larger n, define

aip a2 -+ Ain
a21 Q22 -+ G2pn
det(A) =| . ) , C|=a1-Ci+a-Cio+---+ay, - Ciy
’ ’ ' ’ cofactor expansion along first row
anp1  Qp2 - Ann

where C1; = (—1)'7 det(A ;) are the cofactors along the first row, which
are signed determinants of (n — 1) x (n — 1) matrices.
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Matrix Determinants

The cofactor expansion formula, when applied recursively, reduces de-
terminants calculation to smaller and smaller matrices toward the 1 x 1
case.

JHITHH
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Matrix Determinants

Let's apply the recursive formula to the cases of n = 2, 3:

e n =2 (to verify the previous formula):

air  ai2 141 142
=ai1 - (—1)"age +aiz - (—1) a2 = ar1a22 — a12a21
a21 Aa22

Prof. Guangliang Chen | Mathematics & Statistics, San José State University 11/33



Matrix Determinants

o n = 3 (this leads to a new formula):

ailp a2 ais
G21 Q22 @23
a31 asz2 ass

. Q22 Q23 a21 Q23 a1 Q22
= a1 —ai2 + ais
as2  a33 as1  a33 a3zl a32

= a11(ageass — azzasz) — aiz(az1a33 — azzasy) + aiz(agiase — azeas:)
= Q11022033 + A12023031 + 413021032

— 11023032 — 412021033 — 13022031
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Matrix Determinants
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Matrix Determinants

Example 0.2. Let

1
A= |4
7

oo Ut N
o W

From previous calculations, we have
Cn=-3, Ci2=6, Ciz3=-3
Thus, by the cofactor expansion formula,
det(A) = 1(—3) +2(6) + 3(—3) = 0.

(We will see later that this implies that A is not invertible)
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Matrix Determinants

It turns out that the determinant of an n x n matrix A can be computed by a
cofactor expansion along any row or column.

Theorem 0.1. Let A € R™*"™. Then for any 1 <i <mn,
det(A) = a;1 - Cin + ai2 - Cio + -+ + ajpn - Cyy — expansion along row i
and for any 1 < j <n,

det(A) = a1;-Cij+agj-Coj+---+an; - Cpj <— expansion along column j

We omit the proof but verify this result using an example.
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Matrix Determinants

Example 0.3. Let

1
A= |4
7

oo Ot N
NeRR Ry

Compute the determinant of this matrix by using a cofactor expansion along
(a) the 2nd row, or

(b) the 3rd column.

Prof. Guangliang Chen | Mathematics & Statistics, San José State University 16/33



Matrix Determinants

Example 0.4. Compute the determinant of

5 =7 2 2
A 0 3 0 —4
-5 -8 0 3
0 5 0 —6

Remark. We should perform the co-factor expansion along a row or column that
has the most zeros (for fast computing).

Prof. Guangliang Chen | Mathematics & Statistics, San José State University 17/33



Matrix Determinants

The previous theorem also implies the following result.

Corollary 0.2. The determinant of a (square) diagonal, or lower/upper triangular
matrix is equal to the product of its diagonal entries.

We use the following example to illustrate the corollary.

Example 0.5. Find the determinants of

52 100 1 2 3
A= . , B=1[4 5 0|, c=10 5 6
78 9 00 9
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Matrix Determinants

In fact, for block diagonal and block lower/upper triangular matrices with square
main blocks, similar results hold true:

det A B = det(A) det(B)

det | A g — det(A) det(B)

det A | = det(A) det(B)
C B|
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Matrix Determinants

Example 0.6. Show that the determinants of the three kinds of elementary
matrices are

det(M,;(r)) =r
det(R;j(k)) =1
det(P;;) =
Proof. We verify these three statements for the case of 3 x 3. O
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Matrix Determinants

Properties of matrix determinants
Theorem 0.3. Let A, B be square matrices of the same size. Then
o det(AT) = det(A)

o det(AB) = det(A) det(B)

Example 0.7. Verify the above results using the following matrices

At 2 gl O
3 4 1 3
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Matrix Determinants

The second statement on the preceding slide implies the following result.

Corollary 0.4. Let E be an elementary matrix and A a square matrix of the same
size. Then

r-det(A) if E = M,(r);
det(EA) = det(E) det(A) = ¢ det(A) it E=R;;(k);
— det(A) ifE = Pij;

Remark. This shows that row replacements do not change matrix determinants
while interchanging two rows would flip the sign of the determinant (but the
absolute value is still the same).

Prof. Guangliang Chen | Mathematics & Statistics, San José State University ~— 22/33



Matrix Determinants

Example 0.8. Compute

-5 -1 =2
0 —4 5 1
-3 10 -6

by performing only row replacement operations.
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Matrix Determinants

Remark. Because det(A”) = det(A), performing elementary column operations
on a square matrix have the same effects on the determinant as the elementary
row operations.

Example 0.9. Compute
1 -3 1 =2

-5 -1 -2
4 5 1
-3 10 -6 8

by performing only column replacement operations.

Remark. It is certainly fine to use both kinds of replacement operations together
to generate as many zeros in the matrix as possible.
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Matrix Determinants

Remark. Another consequence of the corollary is that a scalar multiple of a row
(or column) corresponds to the same scalar multiple of the determinant.

ai1 a12 a13 a1l aiz ais

a21 a22 Q23 | =T+ |Q21 QA22 G23

razy Traszz Tass az1 asz ass

a1l Taiz a3 a1l aiz ais

Q21 Taz2 Q3| =T - |G21 Q22 Q23

a3y Tazz  a33 a31 agz as3
0 2 6
Example 0.10. Compute | 1 -3 -3
-1 0 9
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Matrix Determinants

Remark. Be sure to distinguish from the case of scalar multiple of a matrix:

rai;z Traiz Trais a1 aiz2 ais
ra21 Tagz Ta23| =T (a1 G2 Aa23
rasy Tragz rass a3; agz ass

Applying the formula on the previous slide three times (for a 3 x 3 matrix A)
yields that
det(rA) = 73 det(A).

This could also be obtained as follows

det(rA) = det(rI- A) = det(rI)det(A) = r® det(A).

More generally, for n X n matrices A,

det(rA) = r"det(A).
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Matrix Determinants

Finally, we are ready to present the following important result.
Theorem 0.5. A square matrix A is invertible if and only if det(A) # 0.

Proof. For any square matrix A, there exist a sequence of elementary matrices
E1,E,,...,E; (which are either row permutation or row replacements) such
that
Ep- - Ey-E;-A= U <— square matrix
~—
REF
Taking determinants of both sides give that

(—1)" det(A) = det(U)
where 7 is the number of row permutations used. It follows that det(A) # 0

if and only if det(U) # 0, which is if and only if U contains n nonzero pivots,
which is if and only if A is invertible. O
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Matrix Determinants

Corollary 0.6. Let A € R™*"™ be a square matrix. Then the following statements
are all equivalent to “det(A) # 0"

1. A is invertible.

2. A has n pivot positions.

3. The equation Ax = 0 only has the trivial solution.

4. The equation Ax = b (for any b) always has a unique solution.
5. The columns of A form a linearly independent set.

6. The columns of A span R".

7. The linear transformation f(x) = Ax is one-to-one.

8. The linear transformation f(x) = Ax (from R™ to R™) is onto.
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Matrix Determinants

Example 0.11. Find the determinant of

4 -7 =3
A=16 0 -5
2 7 =2

and use it to determine
(a) if the columns of A are linearly independent;

(b) if the linear transformation f(x) = Ax is one-to-one, or onto, or both.
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Matrix Determinants

Other applications of matrix determinants
e Solving systems of linear equations Ax = b
e Finding matrix inverse (if det(A) # 0)

e Computing the area/volume of parallelogram/parallelepiped

We will teach these based on three examples.
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Matrix Determinants

Theorem 0.7 (Cramer's Rule). Let A € R"*"™ be an invertible matrix. Then for
any vector b € R”, the unique solution x of Ax = b has the following entries:

_ detfa;...b...a,]

i = , foralli=1,...,
v deta;...a;...a,] oratt "
| —
A

Remark. This formula is inefficient unless the matrix A is 2 x 2 or perhaps also
3 x 3.
Example 0.12. Use Cramer’s rule to solve the following equation

5$1 +7IL’2 =3
2581 —|—4(E2 = 1
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Matrix Determinants

Theorem 0.8 (Adjoint matrix). Let A € R™*™ be an invertible matrix. Then

Ciy Cor -+ Cpm
_ 1 Ciz Cap -+ Oy )
1
= . . = ad]
det(A) : P det(A)
Oln CQn e Cnn

transposed cofactors matrix, called adjoint

Remark. This formula is not efficient either.

Example 0.13. Find the inverse of the matrix

A =

W N =
N =
= o O
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Matrix Determinants

Theorem 0.9. For n vectors ay,...,a, in R™, the volume of the n-dimensional
parallelpiped spanned by them is given by det[ay, ..., a,].

Example 0.14. Find
(a) the area of the parallelogram spanned by a; = (1,2)7,ap = (3,4)T

(b) the volume of the parallelepiped spanned by a; = (1,0,0)T, a; = (0, 1,0),
and a3 = (1,1,1).
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